Practical constitutive model for soil liquefaction
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ABSTRACT: A practical constitutive model is presented that incorporates shear-induced effects in both
loading and unloading as well as rotation effects. It is developed within a classical plasticity approach com-
bined with a multi-laminate model. A multi-laminate model uses many mobilized planes, but the proposed
model has only two mobilized planes; a maximum shear stress plane, and a horizontal plane. The application
of more than one mobilized plane can intrinsically handle anisotropy as well as rotation of principal planes.
The procedure focuses on simple shear conditions because they simulate field conditions under earthquake
loading. The rotation effect associated with simple shear loading from a K, consolidated state and its effect is
incorporated with the Two Plane model. This constitutive model is incorporated into the dynamic coupled
stress-flow finite difference program FLAC (Fast Lagrangian Analysis of Continua). It is verified by captur-
ing the cyclic undrained behaviour of Fraser River sand. The numerical simulations under two different K,
conditions, 0.5 and 1.0 are compared with measurements.

1 INRODUCTION

The characteristic liquefaction/cyclic mobility re-
sponse of saturated sand is caused by shear induced
plastic contraction and dilation under cyclic loading.
Test data show that the response depends on stress
ratio, the ratio of shear stress to normal effective
stress, and whether it increases or decreases (loading
or unloading). It also depends on whether the direc-
tion of the principal stresses rotates during the load-
ing process. Plastic contraction occurs for loading
below the phase transformation line (¢p) and dila-
tion above. All unloading is contractive and particu-
larly so if the previous loading has been above ¢, If
the sand is free to drain during cyclic loading, cyclic
volume changes occur. If volume change is sup-
pressed by the presence of water that cannot escape,
cyclic pore pressures may result in liquefaction.
Many researchers have proposed many different
types of numerical models for soil liquefaction
analysis. These are mainly based on plasticity. The
practicality of utilizing numerical models depends
on their simplicity and robustness (Kolymbas 2000).
Consequently, the practical application of models
has been limited to few cases. Dafalias (1994) re-
viewed the constitutive models used by the predic-
tors in the VELACS project. He divided plasticity
models into 4 groups: bounding surface model,
nested-surfaces model, generalized plasticity model,

and classical plasticity model. A classical plasticity
based constitutive model has been developed to
handle plastic unloading and principal stress rotation
associated with anisotropic consolidation, or K state
at the University of British Columbia (UBC). In
terms of a mobilized plane, this model is similar to a
multi-laminate model proposed by Pande & Sharma
(1983) that uses many mobilized planes. The pro-
posed model uses only two mobilized planes, a
maximum shear stress plane, and a horizontal plane
and links the multi-laminate model with classical
plasticity. The characteristics of this model and for-
mulation are introduced and a comparison with labo-
ratory data is presented.

2 CHARACTERISTICS OF THE PROPOSED
MODEL

The proposed model is an extension of a simpler
model to include plastic unloading and rotation of
principal planes associated with simple shear load-
ing. UBCSAND originally considered unloading as
elastic. From a practical point of view, elastic
unloading may be adequate for preliminary analysis.
However, laboratory data indicate that significant
plastic deformation always occurs during the
unloading phase. If liquefaction is expected, it is im-
portant to include plastic unloading. This is so be-



cause elastic unloading cannot capture the soil fabric
collapse that occurs during stress reversal following
a large stress cycle that induces dilation. In the pro-
posed constitutive model, plastic unloading is incor-
porated by mobilizing plastic deformation on a hori-
zontal plane.

A rotation of principal stresses occurs in simple
shear loading and its effect depends very much on
the initial K¢ consolidation state. If Ky = 1.0, then as
soon as any horizontal shear stress is applied, the
horizontal plane become the plane of maximum
shear and essentially remains so for the rest of the
loading. So that the plane of maximum shear is hori-
zontal for the duration of loading, and there is no ro-
tation effect. Classical plasticity with a single plane
simulates this condition very well. If Ko = 0.5, then a
large shear stress acts on the 45 degree plane, and as
the horizontal stress is applied, the plane of maxi-
mum shear gradually rotates and becomes approxi-
mately horizontal at failure. Thus there is a gradual
rotation of principal stress during the loading proc-
ess. A classical plasticity approach with a single
plane cannot capture the observed response in this
case. We have found that the observed response can
be captured by adding a plastic contribution from the
horizontal plane.

It is difficult to conduct simple shear tests at
specified initial Ky values. Ishihara (1996) showed
that Ko has a significant effect on liquefaction resis-
tance of sands based on a series of torsional tests
with lateral confinement. He found that Ko = 1.0 is
much stiffer in terms of a cyclic stress ratio, t/cyo’
where oy’ is the initial vertical effective stress, but
similar to Ky = 0.5 in terms of a cyclic stress ratio,
T/omo” Where o0’ 1S the 1nitial mean effective stress.
Iai et al. (1992) considered K, consolidated elements
using a generalized plasticity approach. They men-
tioned that conventional plasticity models cannot
simulate Ky = 0.5 consolidated simple shear because
it involves effects of rotation of principal stress axis.
However, within classical plasticity, the proposed
model can consider rotation effects associated with
Ky simple shear loading by incorporating two mobi-
lized planes rather than one. Numerical simulations
under two Ky conditions, 0.5 and 1.0, are compared
with measured liquefaction behaviour.

3 CONSTITUTIVE MODEL: UBCSAND?2

Byrne and graduate students at UBC have developed
a simple constitutive model for soil liquefaction
analysis since late 1990 (Byrne et al. 1995, Puebla et
al. 1997, Beaty & Byrne 1998, Byrne et al. 2004).
The wunderlying feature of their model called
UBCSAND is simplicity and robustness for practical
purposes. The UBCSAND stress-strain model modi-
fies the Mohr-Coulomb model incorporated in
FLAC (Fast Lagrangian Analysis of Continua) Ver-

sion 4.0 (Itasca 2000) to capture the plastic strains
that occur at all stages of loading. This model has
been continuously developed to better model ob-
served sand behaviour and include the effects of ro-
tation of principal planes or K, effect, and plastic
unloading mentioned earlier. These two factors re-
cently incorporated into UBCSAND are presented in
this paper. It is called UBCSAND2. The formula-
tions of this model are described in this section in-
cluding plastic deformations mobilized on two
planes.

3.1 Elastic behaviour

Elastic behaviour is assumed isotropic and expressed
in terms of bulk and shear moduli. The elastic bulk
modulus, B®, and shear modulus, G°, are stress level
dependent and described by the following relations,
where kg and kg are modulus numbers, P, is atmos-
pheric pressure, and ¢’y is the mean effective stress:
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3.2 Plastic behaviour mobilized on maximum shear
stress plane

The formulation is based on classical plasticity.
Yield loci are assumed to be radial line of constant
stress ratio as shown in Figure 1 and expressed by

f1 = rl _G'm.Sil’l (I)ml (3)

where 1, = the maximum shear stress, and ¢, = the
friction angle mobilized on the maximum shear
stress plane. Reloading induces plastic response but
with a stiffened plastic shear modulus. The plastic
shear modulus relates the shear stress and the plastic
shear strain and is assumed to be hyperbolic with
stress ratio as shown in Figure 2. Moving the yield
locus from A to B in Figure 1 induces a plastic shear
strain increment, dyP, as shown in Figure 2, and is
controlled by the plastic shear modulus, G*. The as-
sociated plastic volumetric strain increment, de)’, is
obtained from the dilation angle y;:

dss =dy" -siny, 4)

The dilation angle is based on laboratory data and
energy considerations and is approximated by

Sin\lll = sin d)ml - Sin¢cv (5)

where ¢y is the phase transformation or constant
volume friction angle and ¢y, describes the current



yield locus. A negative value of y; corresponds to
contraction. Contraction occurs for stress states be-
low ¢y and dilation above. Additional information
on earlier version of UBCSAND is presented by
Byrne et al. (2004).

Yield Locus
>
c’, dgf
Figure 1. Yield locus of UBCSAND model.
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Figure 2. Hyperbolic hardener of UBCSAND model.

3.3 Plastic behaviour mobilized on horizontal plane

Yield loci mobilized on a horizontal plane have the
same shape as for the maximum shear stress plane
and expressed by

G'm ’ Sin ¢mO (6)

where 19 = the shear stress acting on a horizontal
plane, and ¢y = the friction angle mobilized on a
horizontal plane. A horizontal plane will contribute
not only a loading component but also plastic
unloading. The plastic volumetric strain increment
and a dilation angle are similar to those in Equations
4 and 5. However, the dilation angle, sin y, is based
on a mobilized angle on a horizontal plane, sin ¢mo
and expressed by

—sin (I)cv (7)
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3.4 Hardening rule

The hardening rules are similar for both maximum
shear stress and horizontal planes. The only differ-
ence is the stress ratio, n. The plastic properties used
by the model are the peak friction angle ¢p, the con-
stant Volume friction angle ¢.,, and plastic shear

modulus G where
2
GP =G’ -[1—1Rfj (8)
N¢

Gi' = aG® and o depends on relative density, (=
T1/G’m O T¢/G ) 18 the stress ratio, Ny is the stress ra-
tio at failure, and Ry is the failure ratio used to trun-
cate the hyperbolic relationship.

For loading on the plane of maximum shear, the
position of the yield locus ¢4 is initially specified for
each element. As the stress ratio increases and plas-
tic strain is predicted, the yield locus for that ele-
ment is pushed up by an amount d¢4 as given by
Equation 9.

do, = (G ] &y’ )

m

Upon unloading, plastic deformation is controlled
by conditions on the horizontal plane using an in-
cremental formulation of Equation 6 and expressed
in Equation 10. The initial yield locus is set at the
stress reversal point C in Figure 3 and unloading
predicted based on Equation 10 until the shear stress
changes sign, or reversal occurs. During unloading
and reloading, plastic shear modulus based on modi-
fied shear stresses (i.e. T =1, -1 for unloading and
T = =T + 1 for reloadmg) and shear stress at failure
(i.e. 1, =1, +1,) is given by Equation 11 and illus-
trated in Figure 3. Reloading then occurs with a
stiffened modulus:

df, =dr, —dg'_-sin¢,_, —G” -dy? =0 (10)
. 2
G*’=Gf’-[ u fJ (11)
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where " and 0 are modified stress ratios based on
modified shear stress T and © ¢ as shown in Figure 3.

The shear volume coupling can be determined by
Equation 12 through dilation angle sin y. Based on
this relationship the plastic volume change during all
stages is determined as illustrated in Figure 4. Dur-
ing unloading the amount of volume change is not
influenced by the stress ratio level (i.e. sin y = sin

Pev)-

eP
— - =siny = (n-sind,, ) (12)
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Figure 3. Stress ratio during unloading and reloading.
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Figure 4. Shear volume coupling.

To account for principal stress rotation during
loading and reloading, plastic strains on the horizon-
tal plane are also considered during loading as de-
scribed above for unloading.

The response of sand is controlled by the skeleton
behaviour. A fluid (air water mix) in the pores of the
sand acts as a volumetric constraint on the skeleton
if drainage is curtailed. It is this constraint that
causes the pore pressure rise that can lead to lique-
faction. Provided the skeleton or drained behaviour
is appropriately modeled under monotonic and cy-
clic loading conditions, and the stiffness of the pore
fluid (Byf) and drainage are accounted for, the lique-
faction response can be predicted. This concept is
incorporated in UBCSAND?2.

4 UBCSAND?2 CALIBRATION

The elastic and plastic parameters are highly de-
pendent on relative density, which must be consid-

ered in any model calibration. These parameters can
be selected by calibration with laboratory test data.
The response of the model can also be compared to a
considerable database for triggering of liquefaction
under earthquake loading in the field. This database
exists in terms of penetration resistance, typically
from cone penetration (CPT) or standard penetration
(SPT) tests. A common relationship between (N)eo
values from the SPT and the cyclic stress ratio that
triggers liquefaction for a magnitude 7.5 earthquake
is given by Youd et al. (2001). Comparing labora-
tory data based on relative density to field data
based on penetration resistance relies upon an ap-
proximate conversion, such as that proposed by
Skempton (1986):

N
35« ND60 _ g (13)
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Model parameters based on penetration resistance
and field observation may be useful for field condi-
tions where it is very difficult to retrieve and test a
representative sample. However, this indirect
method is not appropriate for simulation of centri-
fuge models. Calibrations for this case should be
based on direct laboratory testing of samples that are
prepared in the same manner as the centrifuge
model.

4.1 Calibration with constant volume simple shear
tests

A series of simple shear tests was performed on Fra-
ser River sand at UBC and used as a database to
calibrate the numerical model element response.
Test data are available on web site
(http://www.civil.ubc.ca/liquefaction/). The samples
were prepared by air pluviation method, which is
normally adopted in centrifuge tests. The details in-
cluding test results can be found in Sriskandaku-
mar’s MASc thesis (2004). All samples were placed
at D; = 34 % and densified to 40 % and 44 % under
applied pressures of 100 kPa and 200 kPa, respec-
tively. Samples were then subjected to cyclic shear
for a range of cyclic stress ratios under constant vol-
ume conditions that simulate undrained response.
Tests were carried out for four different CSRs (Cy-
clic Stress Ratio), 0.08, 0.1, 0.12 and 0.15. Typical
results of measured response of D,. = 40 % for CSR
= 0.1 are shown in Figures 5a and 5b. Test data are
shown as the heavy lines. The light lines are the nu-
merical predictions for Ko = 0.5. When CSR = 0.1,
liquefaction occurred in 6 cycles. It is observed that
the first and last cycles generated large excess pore
pressures. Once the pore pressure ratio reached unity
large cyclic strains developed referred to as cyclic
mobility.
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Figure 5a. Predicted stress path under K, = 0.5 and test result.
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Figure 5b. Predicted stress-strain curve under K, = 0.5 and test
result.
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Figure 6. Predicted liquefaction resistance under K, = 0.5 and
test result in terms of t/6”yy,
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Figure 7. Predicted liquefaction resistance in terms of /6’y
under K, = 0.5 and 1.0 and test result.

The CSR versus number of cycles to liquefaction
is shown in Figure 6. Liquefaction was defined as y
> 3.75 %, and at this point R, (pore pressure ratio) is
90 - 95 %.

The calibration was carried out in the same way as
the tests, i.e. under constant volume. The test sample
was subjected to an initial vertical stress of 100 kPa
under K, conditions. It was assumed that the initial
horizontal stress in the test was 50 kPa, i.e., Kg =
0.5. The same initial stresses were assumed in the
numerical simulation. A single element was used.
The elastic and plastic parameters selected for cali-
bration were the same for all cases having the same
D;. The predicted stress-strain and stress paths for
Ko = 0.5 and CSR = 0.1 are shown in Figures 5a and
5b as “light” lines. The predictions generally give a
reasonable representation of the observed response
including plastic unloading, sudden drop of effective
stress during stress reversal after dilation, and cyclic
mobility.

If test condition were Ko = 0.5, the predicted trig-
gering of liquefaction shows a good agreement with
measurements as shown in Figure 6. The predicted
triggering of liquefaction for both Ky = 0.5 and 1.0
are shown in Figure 7. To make this comparison, the
stress ratio was expressed in terms of 1/G . Pre-
dicted response for both Ky = 0.5 and 1.0 gave simi-
lar liquefaction resistance to measurements as illus-
trated in Figure 7. This is consistent with Ishihara’s
findings (1996). Test data were assumed to have
(¢} ’mo =75 kPa.

5 SUMMARY

A refined UBCSAND model called UBCSAND2
was presented. The proposed model addressed two
additional features; rotation of principal planes and
plastic unloading. It uses two mobilized planes; a
maximum shear stress plane, and a horizontal plane.



The model was calibrated based on constant volume
simple shear tests and showed the same characteris-
tic response as observed in the physical tests. The
model captured the soil fabric collapse during stress
reversal after dilation and general cyclic soil behav-
iour including cyclic mobility after triggering of lig-
uefaction. The model can be used in the design of
liquefaction remediation measures involving densi-
fication and drainage.
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